A difference set is said to have classical parameters if
The case d = 3 corresponds to planar difference sets. We focus here on the family of abelian difference sets with d = 4. The only known examples of such difference sets correspond to the projective geometries P G(3, q). We consider an arbitrary difference set with the parameters of P G(3, q) in an abelian group and establish constraints on its structure. In particular, we discern embedded substructures.
Theorem. Let D be a normalized difference set with classical parameters in an abelian group G of order (q s + 1)(q 2s + 1), where s is an odd prime with s ≥ q and where s ∤ q 2 + 1. Let M be a subgroup of G of order (q + 1)(q 2 + 1). Then D ∩M is a normalized difference set with classical parameters in M .
Group Rings
Let G be a finite abelian group of order v and let ZG denote the integral group ring of G. Given an element a = a i g i ∈ ZG, we set
. Let D be a k-subset of G, where k ≥ 1. By a standard abuse of notation we will use the letter D to represent both the set of elements D and the corresponding group ring element D = d∈D d.
We say that D is a (v, k, λ)-difference set in G if D satisfies the group ring equation
where n := k − λ is the order of the difference set. If λ = 1 the difference set is called planar and is associated with a projective plane of order n.
It is elementary to show that v, k, λ are related by the fundamental equation
Let G be a finite group and let H be a subgroup of index r in G. Let D be a (v, k, λ)-difference set in G. For i = 1, 2, . . . , r and distinct cosets Hx i of H in G, we define the intersection numbers, s i , of D with respect to H by s i := |D ∩ Hx i |.
The following equations hold:
We begin by drawing attention to an elementary result on the distribution of elements of D through cosets of any subgroup of G.
Proof. We can take s r = s in equations (2) and (3). Then these read
The Cauchy-Schwarz inequality tells us that
Multiplying out and noting that v = r|H| and using (1) this simplifies to rs 2 − 2ks + 2n − rn + λ|H| ≤ 0.
Completing the square and using (1) again, we obtain
2 r 2 and hence the result.
We observe that the mean distribution of k elements across the r cosets is k r so we can see from (4) that the number of elements of D in any coset is within √ n of this mean value. We say that an automorphism σ of G is a multiplier for D if σ(D) = gD for some g ∈ G. More particularly, we say σ is a (numerical) multiplier for D if σ(x) = x m for all x ∈ G, where m is an integer relatively prime to v. We call gD a translate of the difference set D.
Clearly gD is itself a difference set. We say that the difference set D is normalized if
It is elementary to show that any difference set with gcd(v, k) = 1 has a unique translate which is normalized. It is straightforward to prove that such a normalized difference set is fixed set-wise by any numerical multiplier of D.
We quote now a well known refinement of the multiplier theorem of Marshall Hall. The proof can be found in [ We also state an abridged version of the Mann Test. A proof of the general test can be found in [1] .
Then the following hold:
Difference Sets with Classical Parameters
Suppose now that D is a (v, k, λ)-difference set with parameters
where q is a power of a prime. Any difference set with these parameters is said to have classical parameters. The order of these difference sets is q d−2 so Theorem 2 applies. If d = 3 the difference set is said to be planar and this is the case which has received the most interest. For the rest of this paper, G will be an abelian group supporting a difference set with classical parameters (5) with d = 4. So
where q s is a power of a prime number. We let H be a subgroup of G of order q s +1. It is known in the folklore of the subject that D has 2-valued intersection sizes with the cosets of H. We gather here some useful results on abelian difference sets with classical parameters which apply to the case under investigation. The proofs rely on an application of the Mann Test and can be found in [ Hx of H.
We note that by (4),
In our case here, we have equality since a simple check verifies that
It is an interesting observation that H is the largest subgroup that can possibly be contained inside a non-trivial difference set. The spread of the elements of D through the cosets of H is as close to the mean value k r as possible, so the distribution is unbiased.
Singer Difference Sets and PG(3, q)
Let K = F q be the finite field with q elements and let F = F q d . We view F as a vector space over K and let K * denote the multiplicative group of nonzero elements of K. Let π be that natural epimorphism π :
Then it is well known that D := π(H\{0}) is a Singer difference set in F * /K * . We often choose H to be the elements of trace zero in F . If M is an intermediate field between K and F , we let T r F/M denote the trace form from F into M. T r M/K is similarly defined. If σ denotes a power of the Frobenius mapping σ : x → x q , then the Galois group of M is generated by an appropriate power of σ. The trace of any element is given by the sum of its Galois conjugates.
Theorem 5. Let K = F q be the finite field with q elements. Let F be the extension field of K of degree ab, where a, b ∈ N. Let M be the extension field of degree a and N be the extension field of degree b over
and let E be the K-hyperplane in N given by
Proof. It is enough to determine when we have T r F/M (x) = T r N/K (x), for an element x ∈ N. In our situation,
Considering x as an element of F ,
where t, 2t, . . . , (b − 1)t are all interpreted modulo b. If the residues t, 2t, . . . , (b − 1)t are all distinct modulo b, then the above expression becomes
If gcd(a, b) = 1 then these residues are distinct and the result follows.
In particular, if a = 4 and b is odd the condition in Theorem 5 is satisfied and T r F/M (x) = T r N/K (x) for any x ∈ N. This gives us the following:
Corollary 6. Let D be the Singer difference set in a group G with parameters
derived from the trace zero hyperplane, where s is odd. Let R be the subgroup of G of order
-Singer difference set in R.
Abelian Difference Sets with Parameters of PG(3, q)
We mention here that the Singer difference sets are the only known examples of difference sets with these parameters in abelian groups. It has not been proved that this is the only structure possible. Certainly it is a difficult open question whether all abelian planar difference sets are equivalent to the planar Singer difference sets. We will now consider an arbitrary difference set with the parameters of P G(3, q) in an abelian group and establish constraints on its structure. In particular, we try and generalize Corollary 6 to any abelian difference set with these parameters. Generalizing from cyclic groups to abelian groups requires some slightly clumsy looking technical conditions in our hypotheses. 
Proof. We observe that as s is odd we have
and correspondingly
. Now x ∈ G τ if and only if x q 4 −1 = 1 i.e. x (q−1)(q+1)(q 2 +1) = 1. From this it is clear that M ≤ G τ , because m (q+1)(q 2 +1) = 1 for all m ∈ M. We also note that gcd(q 4 − 1, |G|) = (q + 1)(q 2 + 1). Since G contains a difference set with classical parameters, the Sylow 2-subgroup of G is cyclic by Theorem 4. Let r be a prime dividing gcd(q + 1, q s−1 − q s−2 + . . . − q + 1). Now, since r divides q + 1, we deduce that q ≡ −1 mod r, and, since r divides q s−1 −q s−2 +. . .−q+1, we see that
from which we conclude that s ≡ 0 mod r. Hence r divides s. We observe similarly that if r is a prime dividing gcd(q 2 + 1, q 2s + 1
again, r divides s. We let b = gcd(q + 1, s) and c = gcd(q 2 + 1, s). If, for all prime divisors r of b or of c, each Sylow r-subgroup is cyclic then M = G τ . We note that if s is a large enough prime (s > q 2 for instance), then b = c = 1 and this condition will be automatically satisfied. Of course, if G is cyclic then G τ = M.
We observe that the same power of 2 divides both |M| and |G|, since [G : M] is odd, and hence M contains the Sylow 2-subgroup of G, which is cyclic by Theorem 4, generated by z.
As before, let H be the subgroup of G of order |H| = q s + 1. We have that Hz ⊆ D by Theorem 4.
To generalize Corollary 6 we would like to show that D∩M is a difference set for M. We first show, subject to weak restrictions, that D ∩M has the correct size to be a difference set with classical parameters. 
Hence |D ∩ M| = (q + 1) + q 2 = q 2 + q + 1.
The following theorem is our generalization of Corollary 6 to abelian difference sets. Apart from Jungnickel and Vedder's result on planar difference sets with square order (Theorem 13 here), this is the only case we know of where the parameters of the difference set guarantee a subdifference set.
Theorem 9. Let D be a normalized difference set with classical parameters in an abelian group G of order (q s + 1)(q 2s + 1), where s is an odd prime with s ≥ q and where
is a normalized difference set with classical parameters in M.
Proof. Our hypothesis that s ∤ q 2 + 1 guarantees, by Lemma 7, that M is the group of fixed points of the multiplier τ : x → x q 4 . The orbits of τ have length dividing s and since s is a prime number, the orbits of τ have length 1 or s. The orbits of length 1 correspond to elements of
So the λ ordered pairs representing g come in multiplier orbits of length 1 or s. Now, since s is prime, we have
and we see that if s > q + 1, we must have q + 1 ordered pairs which are fixed by τ . Thus each element of M can be represented by exactly
Indeed, even if s = q is a prime or in the case where s = q + 1 and s is a Mersenne prime, the conclusion remains valid. To show this, we observe that each element of M can be represented at least twice as a "difference" from D ∩ M × D ∩ M. This is because
from the arguments in Lemma 8 and the products ab −1 where a ∈ (H ∩ M)m 1 and b ∈ {∪h i m i } cover each element of M as do the products ab −1 where a ∈ {∪h i m i } and b ∈ (H ∩ M)m 1 . So (7) will guarantee the result if s > q − 1.
Another Subgroup with two-valued intersection numbers
In our case of difference sets with classical parameters where d = 4, we have a second subgroup whose intersection numbers are two-valued. Proof. Firstly, if q is even then the Sylow 2-subgroup of G is trivial, while if q is odd then Theorem 4 tells us that the Sylow 2-subgroup is cyclic. Since
is a divisor of 2, we deduce that K is unique. We note that |G : K| = q + 1 and that K satisfies the role of U in our statement of the Mann Test, Theorem 3. Letting s i denote the intersection number |D ∩ Kx i |, we deduce from the Mann Test part (c) that all the s i are congruent to each other modulo q, say s i ≡ y mod q, where 0 ≤ y < q. As before, we have
and hence (q + 1)y + rq = q 2 + q + 1, for some r ∈ Z. It is straightforward to see that y = 1 and hence r = q.
Since there are q + 1 cosets, we conclude that at least one coset of K has intersection size 1 with D (since otherwise all s i satisfy s i ≥ q + 1, which is impossible from (8)). Finally, the Cauchy-Schwarz inequality completes the proof. Recall that
with equality if and only if all the a i are equal. Letting s q+1 = 1, we have that
We now have equality in (9) and hence all the s i must be equal to each other. By counting, s i = q + 1 for all the other intersection numbers.
We note that since |G : K| = q + 1, the multiplier σ : x → x q is an involution on the cosets of K. Now the coset Kx is fixed by σ if Kx = Kx q which occurs if and only if x q−1 ∈ K. Since gcd(q − 1, q + 1) divides 2 and since the Sylow 2-subgroup of G is cyclic, the only cosets fixed by σ are K and Kw, where w 2 ∈ K but w / ∈ K. Since |K| ≡ 2 mod 4, the unique element of order 2 in G is in K. Hence w must be an element of order 4 in G and the distinguished coset is either K itself or Kw.
In particular, when q is even, there is only one coset, K itself, fixed by σ. Hence D ∩ K = {1} in this case. We summarize this in the following:
Corollary 11. Let D be a normalized (v, k, λ)-abelian difference set in G with parameters (6). Suppose q is even, say q = 2 s so that |G| = (2 s + 1)(2 2s + 1) and G is a direct product G = HK where |H| = 2 s + 1 and |K| = 2 2s + 1. Then H ⊆ D and |D ∩ Hx| = 1 for each other coset of H. Furthermore D ∩ K = {1} and |D ∩ Kx| = 2 s + 1 for each other coset of K.
Minimal Difference Sets and Conjectures
Theorem 12. Let D be a normalized difference set in an abelian group G with parameters
Suppose s is odd. Then G has a subgroup, M, of order 15 and D ∩ M is a (15, 7, 3)-difference set in M.
Proof. As in Corollary 11, we write G = HK, where |H| = 2 s + 1 and |K| = 2 2s + 1. Since s is odd, we have that 2 s + 1 ≡ 0 mod 3 and 2 2s + 1 ≡ 0 mod 5. So 3 divides |H| and 5 divides |K|. Let k ∈ K have order 5 in K. Then since |D ∩ Hk| = 1, by Corollary 11, there exists a unique h ∈ H with hk ∈ D.
s. In Theorem 9 we have shown that for given q, the conjecture is true for all primes s larger than q 2 . By Theorem 12, it is true for all s when q = 2.
